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Let X be a normal subset of a group G such that X ⊆ AB for
some abelian subgroups A and B . Our main result is that X
generates a metabelian subgroup (Theorem 1.1). In the case where
X = G this is well-known Ito’s theorem. From this we deduce that
if G is ﬁnite and A and B are π-subgroups, then X generates
a π-subgroup (Theorem 1.2). We also show that if G is ﬁnite and
e is a prime-power such that A and B have exponents dividing e,
then the exponent of 〈X〉 is e-bounded (Theorem 1.3).
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Well-known Ito’s theorem says that if G = AB where A and B are abelian subgroups then G
is metabelian [4]. For some time the theorem remained almost the only result on inﬁnite factorized
groups. In the sixties it was discovered that the theorem can be used as a basis for the proofs of many
other results in that area. A detailed account of these developments can be found in the book [1].
The present paper deals with the situation when a certain subset X of G is contained in the prod-
uct of two abelian subgroups. Somewhat surprisingly, we were able to show that if X is a union of
conjugate classes of G , then the subgroup generated by X is metabelian. In what follows the subgroup
generated by a set X will be denoted by 〈X〉.
Theorem 1.1. Let X be a normal subset of a group G. Suppose that G has two abelian subgroups A and B such
that X ⊆ AB. Then 〈X〉 is metabelian.
Of course, the Ito theorem can be obtained as a particular case of the above result with X = G . On
the other hand, it must be mentioned that our proof of Theorem 1.1 follows very closely the original
proof of Ito’s theorem.
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and B can be extended to the situation where a normal subset is contained in AB . For example, in
the sixties Kegel proved that if G = AB , where A and B are periodic groups, then G is periodic and
π(G) = π(A)∪π(B). Here π(H) denotes the set of primes p such that the group H has an element of
order p. Now suppose that a group G possesses two abelian periodic subgroups A and B and a normal
subset X such that X ⊆ AB . Is it true that 〈X〉 is periodic? Is it true that π(〈X〉) = π(A) ∪π(B)? Our
attempts to deal with these questions so far did not yield much progress. We were though able to
prove a related result on ﬁnite groups.
Theorem 1.2. Let π be a set of primes and assume that G is a ﬁnite group having abelian π -subgroups A
and B. Suppose that a normal subset X of G is contained in AB. Then X ⊆ Oπ (G).
As usual, we use Oπ (G) to denote the maximal normal π -subgroup of a ﬁnite group G . In the
particular case where G = X the above result is immediate since in that case |G| = |A||B|/|A ∩ B|.
Howlett proved in [3] that if G is a product of two abelian subgroups of ﬁnite exponents m and
n respectively, then G has ﬁnite exponent dividing mn. Suppose instead that G possesses a normal
subset X and two abelian subgroups A and B of ﬁnite exponents m and n respectively such that
X ⊆ AB . Is it true that 〈X〉 has ﬁnite exponent dividing mn? We were unable to answer this. The next
theorem provides an indirect evidence that this indeed might be true.
Theorem 1.3. Let p be a prime and e a p-power. Assume that G is a ﬁnite group having abelian subgroups A
and B of exponents dividing e. Suppose that a normal subset X of G is contained in AB. Then the exponent of
〈X〉 is e-bounded.
In the proof of Theorem 1.3 we make use of some arguments from Brisley and MacDonald [2].
2. Proofs of Theorems 1.1 and 1.2
Assume the hypothesis of Theorem 1.1. Denote by A∗ the set of all a ∈ A for which there exists
b ∈ B such that ab ∈ X . We also deﬁne A∗∗ as the set of all a ∈ A for which there exists b ∈ B such
that ba ∈ X . It is not diﬃcult to see that A∗ = A∗∗ . Indeed, let a ∈ A∗ and let b ∈ B be an element
such that ab ∈ X . Then (ab)a = ba ∈ X , so a ∈ A∗∗ . Similarly we deﬁne B∗ and B∗∗ . Again we notice
that B∗ = B∗∗ .
Lemma 2.1. If a ∈ A∗ and b ∈ B, then ab ∈ AB. Similarly, if a ∈ A and b ∈ B∗ , then ba ∈ AB.
Proof. Let b1 ∈ B∗ be an element such that ab1 ∈ X . Then (ab1)b ∈ X and so (ab1)b = a2b2 for some
a2 ∈ A∗ , b2 ∈ B∗ . Hence ab = a2b2b−11 ∈ AB , as required. The second statement can be proved in the
same way. 
Proof of Theorem 1.1. Choose x1, x2 ∈ X . Write x1 = a1b1 and x2 = a2b2, where a1,a2 ∈ A∗ ,
b1,b2 ∈ B∗ . Choose further b3,b4 ∈ B∗ . Then [x−11 ,b3] = [a−11 ,b3] and [x−12 ,b4] = [a−12 ,b4].
By Lemma 2.1 b3
a2 = a5b5 for some a5 ∈ A and b5 ∈ B . Similarly, a1b−14 = a6b6 for some a6 ∈ A and
b6 ∈ B . Therefore (a−11 )b
−1
4 = b−16 a−16 .
Now let us compute
[
x−11 ,b3
][x−12 ,b4] = [a−11 ,b3
][a−12 ,b4] = [a−11 ,b3
]a2b−14 a−12 b4 = [(a−11
)a2
,b3
a2
]b−14 a−12 b4
= [a−11 ,a5b5
]b−14 a−12 b4 = [a−11 ,b5
]b−14 a−12 b4 = [(a−11
)b−14 ,b5b
−1
4
]a−12 b4
= [b−16 a−16 ,b5
]a−12 b4 = [a−16 ,b5
]a−12 b4 = [a−16 ,b5a
−1
2
]b4
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]b4 = [a−16 ,b3
]b4 = [(a−16
)b4
,b3
]= [b6a−11 ,b3
]
= [a−11 ,b3
]= [x−11 ,b3
]
.
This shows that [X−1, B∗] is abelian. Each commutator of the form [a−1,b], where a ∈ A∗ , b ∈ B∗
can be written as [x−1,b] for a suitable x ∈ X . So we conclude that the subgroup D = [(A∗)−1, B∗] is
abelian. Put E = 〈A, B〉. We wish to show that D is normal in E . Choose a0 ∈ A∗ , a ∈ A and b7 ∈ B∗ .
Let a7 ∈ A∗ be an element such that a7b7 ∈ X . It is clear that (a7b7)a also belongs to X and so
(a7b7)a = a8b8 for suitable a8 ∈ A∗ and b8 ∈ B∗ . Now write
[
a−10 ,b7
]a = [a−10 ,a7b7
]a = [a−10 ,a8b8
]= [a−10 ,b8
] ∈ D.
Similarly, let b0 ∈ B∗ be an element such that a0b0 ∈ X and take b ∈ B . Again, (a0b0)b = a9b9 for
suitable a9 ∈ A∗ and b9 ∈ B∗ . We have
[
a−10 ,b7
]b = [b−10 a−10 ,b7
]b = [b−19 a−19 ,b7
]= [a−19 ,b7
] ∈ D.
Thus, both A and B normalize D and so indeed D is normal in E . Now it becomes obvious that
D = 〈A∗, B∗〉′ and that 〈A∗, B∗〉 is a metabelian subgroup containing 〈X〉. This concludes the proof. 
We remark that we actually proved that the group 〈A∗, B∗〉 is metabelian and 〈A∗, B∗〉′ = [A∗, B∗].
These facts will be used in the proof of Theorems 1.2 and 1.3.
Proof of Theorem 1.2. We now assume that the group G is ﬁnite and that A and B are π -subgroups.
We will prove a formally stronger fact that 〈A∗, B∗〉 is a π -group. Let G be a counter-example of
minimal possible order. Then G = 〈A∗, B∗〉 and it follows from the proof of Theorem 1.1 that G is
metabelian. All proper quotients of G are π -groups so G contains a unique minimal normal subgroup
M which is a π ′-group while G/M is a π -group. Since Oπ (G) = 1, it follows that M = CG(M) and
so M = G ′ . Let K be a Hall π -subgroup of G containing A. So G = MK . Since K is abelian, it follows
that CM(g) is normal in G for every g ∈ K . Taking into account that M is a unique minimal normal
subgroup, we conclude that CM(g) = 1 whenever g 
= 1 and so G is a Frobenius group whose kernel
is M and complement is K . We remark that B ∩ K centralizes both B and A. Using that G = 〈A∗, B∗〉
and Oπ (G) = 1 we deduce that B ∩ K = 1. In particular B ∩ A = 1.
Let x ∈ X , and let a1b1 and a2b2 be two distinct elements in the conjugacy class xG . If b1 = b2,
then a1a2−1 ∈ G ′ = M . Hence a1a2−1 ∈ A ∩ M = 1, a contradiction. Similarly, if a1 = a2, then b1b2−1 ∈
G ′ = M and again we get a contradiction. Thus, b1 
= b2 and a1 
= a2. In particular, we deduce that
|xG | |A∗| and |xG | |B∗|.
Suppose that x /∈ M . In this case |xG | = |M| |A| + 1. This yields a contradiction. Therefore x ∈ M .
It follows that |xG | = |K | and so K = A = A∗ . Similarly we deduce that B = B∗ . Choose arbitrarily
a ∈ A and b ∈ B . According to Lemma 2.1 bab−1 ∈ AB . Hence ba ∈ AB . Therefore B A = AB = G . It
follows that |G| = |A||B|. However this is a π -number, a contradiction. The proof is complete. 
3. Proof of Theorem 1.3
For the reader’s convenience we will mention some commutator identities that hold in all
metabelian groups. If x, y are elements of a group, then the commutator [x,i y] is deﬁned inductively
by [x,0 y] = x and [x,i y] = [[x,i−1 y], y].
Lemma 3.1. Let G be a metabelian group, n a positive integer, σ a permutation on n letters and x, y, x1, . . . ,
xn ∈ G. We have
M. Morigi, P. Shumyatsky / Journal of Algebra 324 (2010) 2052–2057 2055[
x, yn
]=
n∏
i=1
[x,i y](ni); (1)
[
cm, x1, . . . , xn
]= [c, x1, . . . , xn]m for every m ∈ Z and c ∈ G ′; (2)
[c, x1, . . . , xn] = [c, xσ (1), . . . , xσ (n)] for every c ∈ G ′; (3)
[x, y, z] = [x, z, y] for every z such that [z, y] = 1. (4)
The next lemma is given without proof as it is immediate from Lemma 2.1 of [2]. As usual, γn(G)
denotes the nth term of the lower central series of a group G .
Lemma 3.2. Let H = 〈a,b〉 be a metabelian p-group where both generators a and b are of order dividing pα .
Let k pα and m = k + αpα − (α − 1)pα−1 . Then γm(H) γk+1(H)pα .
Lemma 3.3. Assume that A and B are abelian subgroups of exponent pα of a ﬁnite group G. Suppose that a
normal subset X of G is contained in AB, and let A∗, B∗ be as in the previous section. Let H = 〈a,b〉 for some
a ∈ A∗ and b ∈ B∗ . Then γm(H)pα  γ2m(H) for each m 1.
Proof. If m = 1, the result holds so we assume that m  2. It is enough to prove that [x1, x2, . . . ,
xm]pα  γ2m(H) for all xi ∈ {a,b}. However, by technical reasons, it will be more convenient to prove
the equivalent statement that [x1, x2, . . . , xm]pα  γ2m(H) for all xi ∈ {a,b−1}. Without loss of gen-
erality we assume that x1 = a and x2 = b−1. First, we will prove by induction on m that there are
elements am ∈ A and bm ∈ B for which
[
a,b−1, . . . , xm
]= (ambm)m , (5)
where m ∈ {−1,1}.
It follows from Lemma 2.1 that for every u ∈ A, v ∈ B we have
[uv,a] = [v,a] = (av)−1a ∈ B A (6)
and
[
vu,b−1
]= [u,b−1]= bub−1 ∈ AB. (7)
If m = 2, then [a,b−1] = bab−1 ∈ AB by (7) and so (5) holds. Therefore we assume that m > 2. By
induction we can write
[
a,b−1, . . . , xm−1
]= (am−1bm−1)m−1 .
If xm = a, then in view of (2) and (6) we have
[
a,b−1, . . . , xm
]= [am−1bm−1,a]m−1 ∈ (B A)m−1 = (AB)−m−1 ,
as required.
If xm = b−1, then by (2) and (7)
[
a,b−1, . . . , xm
]= [am−1bm−1,b−1
]m−1 = [b−1m−1a−1m−1,b−1
]−m−1 ∈ (AB)−m−1
and so (5) is proved.
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[ambm,bm] =
[[
a,b−1, . . . , xm
]m
,bm
]= [a,b−1, . . . , xm,bm
]m
= [a,b−1,bm, . . . , xm
]m = [a,bm,b−1, . . . , xm
]m
= [a,ambm,b−1, . . . , xm
]m ∈ γ2m(H).
Next, we show that for every k
[ambm,k bm] can be written as [a,ambm, z1, . . . , zkm−1 ]ηk (8)
for suitable ηk ∈ {−1,1} and zi ∈ {a,b−1}.
This will be proved by induction on k. We have just seen that [ambm,bm] can be written as
[a,ambm,b−1, . . . , xm]m and so in the case k = 1 (8) holds. Assume that (8) is true for some k  1.
Taking into account the identities (2) and (3), write
[ambm,k+1 bm] =
[[a,ambm, z1, . . . , zkm−1 ]ηk ,bm
]
= [a,ambm, z1, . . . , zkm−1 ,bm]ηk = [a,ambm,bm, z1, . . . , zkm−1 ]ηk
= [ambm,a,bm, z1, . . . , zkm−1 ]−ηk = [ambm,bm,a, z1, . . . , zkm−1 ]−ηk .
Now the result for k = 1 gives the desired conclusion.
Therefore [ambm,k bm] ∈ γ2m(H). The identity (1) now implies that
[
ambm,b
k
m
] ∈ γ2m(H) for every k 1.
We will use induction on k to show that (ambm)k = akmbkmck for some ck ∈ γ2m(H). The result is
true for k = 1. Now
(ambm)
k+1 = akmbkmckambm = akmbkmambmck
= ak+1m bk+1m
[
bkm,ambm
]
ck = ak+1m bk+1m ck+1,
where ck+1 ∈ γ2m(H), and this completes the induction. It follows that b−km a−km (ambm)k ∈ γ2m(H) for
every k 1. Therefore taking into account that A and B have exponent pα we obtain
[
a,b−1, . . . , xm
]pα = (ambm)pαm =
(
b−p
α
m a
−pα
m (ambm)
pα )m ∈ γ2m(H),
as required. The proof is complete. 
We are now ready to prove Theorem 1.3.
Proof of Theorem 1.3. Without loss of generality we can assume that G = 〈A∗, B∗〉 and so it follows
from the proof of Theorem 1.1 that G is metabelian. By Theorem 1.2 G is a ﬁnite p-group. Choose
arbitrarily a ∈ A∗ and b ∈ B∗ and let H = 〈a,b〉. If e = pα , we set m = αpα − (α −1)pα−1. Let us show
that H is nilpotent of class at most 2m − 1 and γm(H)pα = 1.
By Lemma 3.2 γ2m(H) γm+1(H)p
α
, which combined with Lemma 3.3 enables us to conclude that
γ2m(H)  γ2m+2(H). As H is nilpotent, it follows that γ2m(H) = 1. The combination of Lemma 3.2
and Lemma 3.3 also shows that γs(H)p
α  γ2s(H) γs+1(H)p
α
for each sm. Again nilpotency of H
forces us to deduce that the exponent of γm(H) divides pα .
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(r−2)α  γ2r−1 (H) for any r > 1. Let now
k be the minimal integer such that 2k−1 m. In view of the choice of k, γ2k (H)  γ2m(H) = 1, so
taking r = k + 1 it follows that γ2(H)p(k−1)α = 1. Since G = 〈A∗, B∗〉 is metabelian, it follows that the
exponent of G ′ equals the maximum of orders of commutators [a,b] where a ∈ A∗ and b ∈ B∗ . Thus,
the exponent of G ′ is at most p(k−1)α and the exponent of G is at most pkα , as required. 
Acknowledgments
The ﬁrst author was partially supported by MIUR (Project “Teoria dei Gruppi e applicazioni”) and
GNSAGA. The second author was supported by FAPDF and CNPq. This work was done while the ﬁrst
author was visiting the Department of Mathematics of the University of Brasilia. She thanks the De-
partment of Mathematics for support and hospitality.
References
[1] B. Amberg, S. Franciosi, F. de Giovanni, Products of Groups, Oxford Math. Monogr., Clarendon Press, Oxford, 1992.
[2] W. Brisley, I.D. Macdonald, Two classes of metabelian p-groups, Math. Z. 112 (1969) 5–12.
[3] R.B. Howlett, On the exponent of certain factorizable groups, J. London Math. Soc. 31 (1985) 265–271.
[4] N. Itô, Über das Produkt von zwei abelschen Gruppen, Math. Z. 62 (1955) 400–401.
